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Semimatroids and their Tutte polynomials 

Federico Ardila 



Abstract 



We define and study semimatroids, a class of objects wliicli abstracts 
the dependence properties of an affine liyperplane arrangement. We show 
that geometric semilattices are precisely the posets of flats of semima- 
' troids. We define and investigate the Tutte polynomial of a semimatroid. 

We prove that it is the universal Tutte-Grothendieck invariant for semi- 
matroids, and we give a combinatorial interpretation for its non-negative 
' coefficients. 



1 Introduction. 



The goal of this paper is to define and study a class of objects called semima- 
^ I troids. A semimatroid can be thought of as a matroid-theoretic abstraction of 

CO . the dependence properties of an affine hyperplane arrangement. Many proper- 

ties of hyperplane arrangements are really facts about their underlying matroidal 
structure. Therefore, the study of such properties can be carried out much more 
I naturally and elegantly in the setting of semimatroids. 

■ The paper is organized as follows. In Section [51 we define semimatroids, 
I and show how we can think of a hyperplane arrangement as a semimatroid. 

■ The following sections provide different ways of thinking about semimatroids. 
Section 13 shows how a semimatroid "extends" to a matroid, and determines a 

a modular ideal inside it. The semimatroid can be recovered from the matroid 
. . ' and its modular ideal. Section ^describes the close relationship between semi- 

^ . matroids and strong maps. Semimatroids are described in terms of elementary 

IT^ I preimages and single-element coextensions. Section Ogives a bijection between 

. semimatroids and pointed matroids. Section |B| gives a new characterization of 

' geometric semilattices as posets of flats of semimatroids, extending the classical 

correspondence between geometric lattices and simple matroids. 

The final sections are geared towards the study of the Tutte polynomial of 
a semimatroid. Section defines the concepts of duality, deletion and contrac- 
tion. Section [S] defines the Tutte polynomial, and shows that it is the unique 
Tutte-Grothendieck invariant for the class of semimatroids. Finally, Section 
|5| gives a combinatorial interpretation for the non-negative coefficients of the 
Tutte polynomial. 

It is worth pointing out that Kawahara discovered semimatroids indepen- 
dently, and described their Orlik-Solomon algebra in jl4|. Las Vergnas's work 
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on the Tutte polynomial of a quotient map [IBJ is also closely related to our 
work; we will say more about this in Section |S| 

2 Semimatroids. 

Definition 2.1 A semimatroid is a triple {S,C,rc) consisting of a finite set S, 

a non-empty simplicial complex C on S, and a function rc ■ C —>■ N, satisfying 

the following five conditions. 

(Rl) IfX e C, then < rc{X) < \X\. 

(R2) IfX,YeCandXC Y, then rc{X) < rc{Y). 

(R3) IfX,Y e C andXUY e C, then rc{X) + rc{Y) > rc{XUY)+rc{XnY). 

(CRl) IfX,Y e C and rc{X) = re{Xr\Y), then XUY e C. 

(CR2) IfX,YeC andrclx) <rc{Y), then X U y e C for some y e Y - X . 

We call S, C and rc the ground set, collection of central sets and rank function 
of the semimatroid {S,C,rc), respectively. Sometimes we will slightly abuse 
notation and denote the semimatroid C, when its ground set and rank function 
are clear. We will denote subsets of S by upper case letters, and elements of S 
by lower case letters. 

We will need the fact that semimatroids satisfy a "local" version of (Rl) and 
(R2) and a stronger version of (CRl) and (CR2), as follows. 

(R2') liX\JxeC then rc{X U x) - rc{X) = or 1. 

(CRl') If X,r G C and rc{X) = rc{XC\Y), then XUF £ C and rc{X\JY) = 
rc{Y). 

(CR2') If e C and rc{X) < rc{Y), then X U y e C and rdX U y) = 

rc{X) + 1 for some y ^ Y — X . 

Proof of (R2'). From (R2) we know that rc(X U a;) > rc(X). From (R3) we 
know that rdX U x) - rciX) < rc{x) ~ rc(0), and this is or 1 by (Rl). □ 

Proof of (CRl'). The hypotheses imply that XUY £C. Then (R2) says that 
rc{Y) <rc{XUY), while (R3) says that rc(Y) >rc{XUY). □ 

Proof of (CR2'). By applying (CR2) repeatedly, we see that we can keep on 
adding elements yi, . . . ,yk oi Y to the set X, until we reach a set X U yi U 
• • • U £ C such that rc{X L) yi U ■ ■ ■ U yk) ~ rc{Y). Now we claim that 
rc{X U yi) — rc{X) + 1 for some i. 

If that was not the case then, since rc{X U yi) ~ rc{X), (CRl') applies to 
XUyi and XU 7/2. Therefore X U yi U ?/2 e C and rc(X Uj/i U 2/2) = rc{XL>y2) = 
rc{X). Then (CRl') applies to X U j/i U y2 and X U ys, so X U yi U 2/2 U j/3 G C 
and rc{X U yi U 2/2 U ys) — rc{X). Continuing in this way, we conclude that 
X U 2/1 U • ■ • U ?/fc e C and rc{X U yi L) ■ ■ ■ U yk) — rc{X), a contradiction. □ 

Let us now explain the connection between semimatroids and hyperplane 
arrangements. Given a field k and a positive integer n, an affine hyperplane in 
k" is an {n — l)-dimensional affine subspace of k". A hyperplane arrangement 
A in k" is a finite set of affine hyperplanes in k" . 
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A subset (or subarrangement) B C A of hyperplanes is central if the hyper- 
planes in B have a non-empty intersection. The rank function r^ is defined for 
each central subset B by the equation r^(B) = n — dimn;B. 

Proposition 2.2 Let A be an affine hyperplane arrangement in k" . Let be 
the collection of central subarrangements of A, and let be the rank function 
of A. Then C^,r^) is a semimatroid. 

Proof. To each hyperplane Hi & A we can associate a vector Vi £ k" and a 
constant Ci G k, so that Hi is the set of points a; £ k" such that Vi ■ x = Ci, with 
the usual inner product on k". It is easy to see that the rank of a central subset 
{ifjj , . . . , Hi^ } e is equal to the rank of the set {vi^ ,Vi^} in k". 

From this point of view, axioms (Rl), (R2), (R3) are standard facts of linear 
algebra applied to the vector space k". We now check axioms (CRl) and (CR2). 

To check axiom (CRl), assume that X,Y and rj({X) — r^(XnF). Let 
A — nX be the intersection of the hyperplanes in X, and similarly let B = C\Y . 
Since XnF C X and rx(Xnr) = r^(X), we must have n(Xnr) = r\X = A. 
Also, X n y C y implies n(X n F) D nF = B. Therefore AD B, and every 
hyperplane in X UY contains B. It follows that X UY € C. 

To check axiom (CR2), assume that X,Y G C and rj[{X) < rj,{Y). Let 
Lx — {Li\Hi e X} and define similarly Ly- Since rank(Ly) > rank(ix)j 
there exists a vector L e Ly, corresponding to a hyperplane y Y, which is 
not in the span of Lx- Thus y has a non-empty intersection with r\X . □ 

Semimatroids, like matroids, have several equivalent definitions. In their 
context, it is possible to talk about flats, independent sets, spanning sets, bases, 
circuits, and most other basic matroid concepts. We will say more about this 
in Section Until then, we will use the rank function approach of Definition 
12 .11 throughout most of our treatment. We will also need some facts about the 
closure approach, which we now present. 

Definition 2.3 For a semimatroid C — {S,C,rc) and a set X G C, the closure 
of X in C IS dc{X) ^{xeS\XUxe C,rc{XUx) = rc{X)}. 

We will sometimes drop the subscript and write cl(X) instead of clc(^) 
when it causes no confusion. 

Proposition 2.4 The closure operator of a semimatroid satisfies the following 

properties, for all X,Y E C and x,y € S . 

(CLRl) cl{X) e C and rc{c\{X)) = rdX). 

(CLl) X C cl{X). 

(CL2) IfXCY then cl{X) C cl(y). 

(CL3) cl{c\{X)) = c\{X). 

(CL4) LfXUx e C andy <E d{X U x) - c\{X) , thenXUy e C and x e c\{XUy). 

Proof. To check (CLRl), let cl(X) = {xi, . . . ,Xk}. We repeat the argument of 
the proof of (CL2'). Since rc{X U xi) = rdX), (CRl') applies to X U xi and 
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X U X2, so X U xi U X2 e C and rc{X U xi U X2) = rc{X). (CRl') then applies 
to X U xi U a;2 and X Uxs, so X U a;i U X2 U X3 G C and rc{X U a;i U a;2 U X3) = 
rc{X). Continuing in this way, we conclude that X U xi U ■ ■ ■ U Xk £ C and 
rc{X UxiU---Uxk) ^rc{X). 
(CLl) is trivial. 

To check (CL2), let x e d{X). Then X U x (E C and rc{X U x) ^ rc{X). 
Applying (CRl') to X U x and Y, we conclude that F U x G C and rc{Y U x) = 
rc{Y). Therefore x £ c\{Y). 

We know that c\{X) C cl(cl(X)); so to prove (CL3) it suffices to check the 
reverse inclusion. Let x G cl(cl(X)). Then c\{X) U x G C and rc{c\{X) U x) = 
rc{c\{X)) = rc{X). Therefore, since cl(X) Ux2XUx^X,we have XUx eC 
and rc{X U x) = rc{X) also; i.e., x G c\{X). 

Finally, we check (CL4). The assumption that y G c\{X U x) implies that 
X U X U 2/ G C and rc(X U x U y) = rc{X U x) < rciX) + 1. Since XUy gC, 
the assumption that y ^ c\{X) implies that rc{X) + 1 = rc{X Li y). These two 
results together give rc{X \J xiJ y) = rc{X \J y); i.e., x G d{X U y). □ 

We will later need the following definitions. 

Definition 2.5 A flat of a semimatroid C is a set A (z C such that cl{A) = A. 
The poset of flats K{C) of a semimatroid C is the set of flats of C, ordered by 
containment. 

3 Modular ideals. 

In the following sections, we will present bijections between the class of semi- 
matroids and other important classes of objects. Figure ^ at the end of Section 
01 should be useful in understanding these bijections, and is worth keeping in 
mind especially in Sections |31 El and 

In this section, we show that a semimatroid is essentially equivalent to a pair 
(M, I) of a matroid M and one of its modular ideals 2. 

We start by showing how we can naturally construct a matroid Mc from a 
given semimatroid {S, C, rc), by extending the rank function rc from C to 2'^. 

Proposition 3.1 Let C — {S,C,rc) be a semimatroid. For each .subset X <Z S, 
let r{X) = max{rc(l^) \ Y C X ,Y G C}. Then r is the rank function of a 
matroid Mc = (5, r) . 

Proof. It is clear, but worth remarking explicitly, that r{X) = rc{X) if X G C. 
It will be most convenient to check the three local axioms (R1')-(R3') for the 
rank function of a matroid Let X C S and a, 5 G S" be arbitrary. 

(Rl') r(0) ^ 0. 
This is trivial. 

(R2') r{X U a) - r{X) = or 1. 
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This is easy. It is immediate from the definition that r{X Ua) > r{X). Now 
let r{X Ua) = rc{Y) for Y C X U a, Y G C. Then Y - a C X is also in C, so 
riX) > rc(y - a) > rc{Y) - 1 = r(X U a) - 1. 

(R3') If r{X U a) = r{X (J b) ^ r{X), then r{XUaUb)^ r{X). 

This takes more work. Assume that r{X U a) = r{X U b) = r{X) = s but 
r{X UaUb) = s + 1. Let W C X U a U b, W e C he such that rc{W) = s + 1. 
Notice that W must contain a; otherwise we would have W C X IJ b and 
rciW) > r{X U b). Similarly, W contains b. So let = Z U a U 6; clearly 

z ex. 

We have s + 1 = rdZ U a U 6) < rc{Z U a) + 1 < r{X U a) + 1 = s + 1. 
Therefore rc{Z U a) = s. Similarly, rc{Z (Jb) = s. Then, by the submodularity 
of rc, rciZ) = s ~ 1. 

Now, since r{X) = s, we can find V 'Z X , V ^ C such that rc{V) — s. So 
we have V,Z e C with s = rdV) > rc{Z) = s - 1. By (CR2'), we can add 
an element oi V to Z and obtain a set Y ^ C with X D Y D Z such that 
rc(r) = s. Notice that Z U a C Y U a C X U a and r(Z U a) = r(X U a) = s. 
Thus r{Y Ua) = s. Similarly, r{Y Ub) = s and r{Y UaUb) = s + 1. 

Now we have Y,Z\JaLlb eC with s + 1 = rc(^ U a U 6) > rc(F) = s. Once 
again, (CR2') guarantees that we can add an element of ZUaU& to F to obtain 
an element of rank s + 1 in C But Z C Y, so the only elements oi Z U aU b 
which may not be in Y arc a and b. Also, we saw that r{Y Ua) — r{Y Ub) — s. 
This is a contradiction. □ 

The following definitions will be important to us. 

Definition 3.2 A pair {X,Y} of subsets of S is a modular pair of the matroid 
M = {S, r) if r{X) +r(Y) = r{X UY) + r{X D Y) . 

Definition 3.3 A modular ideal 2 of a matroid M = [S, r) is a non-empty 

collection of subsets of S satisfying the following three conditions. 

(Mil) I is a simplicial complex. 

(MI2) {a} G 2 for every non-loop a of M . 

(MI3) // {X, Y} is a modular pair in M and X,Y e I, then XUY el. 

Proposition 3.4 For any semimatroid (S,C,rc), the collection C is a modular 
ideal of Ale ■ 

Proof. We denote the rank function of Mc by r and the rank function of C by 
rc. Of course, rc is just the restriction of r to C. 

Axioms (Mil) and (MI2) of a modular ideal are satisfied trivially. We refor- 
mulate (MIS) as follows: 

(MI3) li A,B,C C S are pairwise disjoint, AU B,AU C e C and r{A UBU 
C) - r{A UB) = r{A U C) - r(A), then AUBUC eC. 

We can assume that B and C are non-empty; if one of them is empty, the 
claim is trivial. We prove (MIS) by induction on \B\ + \C\. 

The first case is \B\ + \C\ — 2; let B — {b} and C = {c}. First assume that 
r{A U b) and r{A U c) are different; say, rc(A Ub) < rc{AU c). By (CR2), we 
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can add some element oi AU c to AUb and obtain a set in C. This element can 
only be c, soAUbLicGC. 

Assume then that rciAUb) = rc{AUc) s. If rc{A) = s, (CRl) implies that 
AUbUc G C. Assume then that rc{A) — s — 1, and therefore r{AUb[Jc) = s + 1 
by hypothesis. There is a subset of Au6Uc in C of rank s + 1; since it cannot be 
contained in AU& or AUc, it must be of the form BUbUc for some B A. But 
then we have rc{ALib) < rc{B U bD c). By (CR2), we can add some element 
ofi?U6Ucto AlJ b and obtain a set in C. This element can only be c, so 
AUbUceC. 

Having established the base case of the induction, we proceed with the 
inductive step. Assume that \B\ + \C\ > 3 and, without loss of generality, 
\B\ > 2. Let b ^ B. Applying the submodularity of r twice, we get that 
d = r{A UBUC)-r{AUB)>r{AUbUC)- r{A Ub)> r{A U C) - r{A) = d. 
It follows that r{AUbUC) - r{A Ub) =d also. 

We can apply the induction hypothesis to the sets A, {b}, C, since A\Jb,AU 
C e C and |{6}| + |C| < |S| + |C|. We conclude that ^U6UC G C. We can then 
apply the induction hypothesis to the sets AUb, B — b, C, since AUB, AUbUC G C 
and \B -b\ + \C\ < \B\ + \C\. We conclude that AU BUC eC, as desired. □ 

Propositions 13. II and 13.41 show us how to obtain a pair {M,X) of a matroid 
M and one of its modular ideals I, given a semimatroid C. Now we show that 
it is possible to recover C from the pair (M,X). 

Proposition 3.5 Let M ~ {S, r) be a matroid, and let I be a modular ideal of 
M. Let rx be the restriction oj the rank Junction of M to I. Then (5, X, rj) is 
a semimatroid. 

Proof. The rank function ri inherits axioms (R1)-(R3) from rj\/. (CRl) is easy. 
If X, y G X and rx{X) = ri{X n Y), then r{Y) ^ r{X U Y) by submodularity. 
Thus {X, Y} is a modular pair in M, and XUY el. 

Now we check (CR2). We start by showing that I must contain every inde- 
pendent set of M. In fact, assume that / is a minimal independent set which 
is not in T. Since T contains all non-loop elements, / has at least two elements 
a and b. Then I contains the modular pair {L — a, I — &}, so it contains their 
union /, a contradiction. 

Now take X,Y el with \X\ < \Y\, and pick y eY such that r{X U y) = 
r{X) + 1. Let X' be an independent subset of X of rank r{X); then X' U ?/ is 
an independent set of rank r{X) + 1. Therefore X contains the modular pair 
{X' U y, X}, so it contains their union X Uy. D 

Theorem 3.6 Let S be a finite set. Let Semimat(5) be the set of semimatroids 
on S. Let Matld(5') be the set of pairs {M,X) of a matroid M on S and a 
modular ideal X of M . 

1. The assignment {S,C,rc) ^ {Mc,C) is a map Semimat(5) — > Matld(S'). 

2. The assignment {M,X) i-^ {S,X,ri) is a map Matld(S') Semimat(S'). 
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3. The two maps above are inverses, and give a one-to-one correspondence 
between Seiniinat(S') and Matld(S'). 

Proof. The first and second parts are restatements of Propositions 13.11 and 13.41 
and Proposition 1^21 respectively. 

Denote tfie maps Semimat(S') Matld(5) and Matld(/S') Semimat(S') 
above by / and g respectively. It is immediate that g o f is the identity map in 
Semimat(5'). To check that f o g is the identity map in Matld(5), we need to 
show the following. Given a matroid M — {S, r) and a modular ideal 2 of M, 
r{X) = max{r(y) \ Y C X , Y € 1} for all X C S. But this is easy: it is clear 
that r{X) > max{r(y) \ Y C X , Y G I}. Equality is attained because X has 
an independent subset X' of rank r{X); since X' is independent, it is in T. □ 

Before we continue our analysis, we state explicitly a simple property of 
semimatroids and modular ideals which is implicit in the proofs above. 

In a semimatroid {S,C,rc), all the maximal sets in C have the same rank, 
which we denote re- In a modular ideal Z of a matroid Af = (5, r) , all the 
maximal sets have maximum rank r = r{S). 

4 Elementary preimages and single- element co- 
extensions. 

Now we show that a semimatroid is also equivalent to a pair (M, M') of a 
matroid M and one of its rank- increasing single-element coextensions M'. To 
do it, we outline the correspondence between the modular ideals, the elementary 
preimages and the rank-increasing single-element coextensions of a matroid. 

This correspondence is just the dual of the well understood correspondence 
between the modular filters, the elementary quotients, and the rank-preserving 
single-element extensions of a matroid JO] , QHI ) ■ Therefore we omit all the 
proofs of these results, and refer the reader to the relevant literature. 

Definition 4.1 A quotient map N ^ M is a pair of matroids M,N on the 
same ground set such that every fiat of M is a flat of N. 

There are several other equivalent definitions of quotient maps, including 
the following. 

Proposition 4.2 ^15, Proposition 8.1.6] Let M and N be two matroids on the 

set S. The following are equivalent: 

(i) N ^ M is a quotient map. 

(a) For any A C S, c\n{A) C c\m{A). 

(ill) For anyACBCS, rN^B) - rN{A) > ru^B) - ruiA). 

Definition 4.3 An elementary quotient map is a quotient map N —> M such 
that r{N) - r{M) =0 or 1. 
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We will focus our attention on elementary quotient maps. Their importance 
is the following. Perhaps the most useful notion of a morphism in the cate- 
gory of matroids is that of a strong map. Every strong map between matroids 
can be regarded essentially as a quotient map, followed by an embedding of a 
submatroid into a matroid. Also, every quotient map can be factored into a 
sequence of elementary quotient maps. Therefore, elementary quotient maps 
are essentially the building blocks of strong maps. For more information on this 
topic, we refer the reader to [T3] . 

Definition 4.4 An elementary preimage of a matroid M is a matroid N on 
the same ground set such that N ^ M is an elementary quotient map. 

The following proposition explains the relevance of elementary preimages 
and quotient maps in our investigation. 

Theorem 4.5 flf-A Proposition 6.5] Let M = {S, rM) he a matroid. Let Ideal(M) 
he the set of modular ideals of M and let Preim(M) he the set of elementary 
preimages of M . 

1. Given I G Ideal(M), define the rank function r^r : 2'^ — > N hy: 



Then N — [S, tat) is a matroid, and N G Prcim(M). 

2. Given N e Preim(M), let X ^ {A e S : rniA) = rw(A)}. Then X G 
Ideal(M). 

3. The two maps Ideal(M) Preim(Af) and Preim(M) Ideal(M) defined 
above are inverses. They establish a one-to-one correspondence between 
Ideal(M) and Preim(M). 

Corollary 4.6 Given a finite set S, let MatPreim(S') be the set of pairs (A/, N) 
of a matroid M on S and one of its elementary preimages N . Then there are 
one-to-one correspondences between Semimat(S'), Matld(S') and MatPreim(S'). 

Proof. Combine Theorems 13 . 61 and 14.51 □. 

Definition 4.7 Let M he a matroid on the ground set S and letp be an element 
not in S . A single-element coextension of M by p is a matroid N on the set 
S Up such that M = N/p. N is rank-increasing if r{N) > r{M). 

It is worth remarking that most single-element coextensions of AI by p^are 
rank-increasing. The only one which is not rank-increasing is the matroid N on 
S Up such that r^{AL)p) = rj^{A) = rM{A) for all A C S; i.e., the one where 
p is a loop. 
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Theorem 4.8 flR dual of Theorem 8.3.2] Let M he a matroid and p be an 
element not in its ground set. Let Coext(M, p) he the set of rank-increasing 
single- element coextensions of M by p. 

1. Given N e Preim(M), define : 2'^^^ -^n by 



for A (~ S . Then N = (S Up, r^) is a matroid, and N £ Coext(M,p). 

2. If N e Coext(M,p), then the matroid N = N ~ p is in Preim(Af). 

3. The two maps Preim(M) Coext(Af,p) and Coext(A/,p) Preim(M) 
defined above are inverses. They establish a one-to-one correspondence 
between Preini(A/) and Coext(A'f, p). 

Corollary 4.9 Given a finite set S and an element p ^ S, let MatCoext(S', p) 
he the set of pairs (M, N), where M is a matroid on S and N is one of its rank- 
increasing single- element coextensions by p. Then there are one-to-one corre- 
spondences between Semm\dX{S) , Matld(S'), MatPreim(S') and MatCoext(S',p). 

Proof. Combine Theorems IHl Ol and Ol □ 

We briefly mention that given a matroid M, there are other objects in cor- 
respondence with the modular ideals of M . Two such examples are the modular 
cocuts of M and the colinear subclasses of M . They are the duals of modular 
cuts and linear subclasses, respectively. 

A modular cocut W of M is a collection of circuit unions of M satisfying 
two conditions. First, if Ui C U2 are circuit unions and U2 £ U, then Ui £ U. 
Second, if Ui, U2 and {C/i, U2} is a modular pair in M , then J/i U t/2 G U. 

A colinear subclass C of M is a set of circuits of M such that if Ci , C2 G C 
and r(Ci U C2) = |Ci U C2I - 2, and C3 C Ci U C2 is a circuit, then C3 G C. 

The details and proofs of the (dual) correspondences appear in Ig. Theorem 
7.2.2] and ^U], respectively. 

We end this section by reviewing the correspondences and objects of Sections 
13 and ^ with an example. Let C = {S,C,r) be the semimatroid consisting of 
the set S = [3], the collection of central sets C — 21^1 — {12, 123}, and the rank 
function r{X) = \X\ for X G C. It is easy to check that this is, indeed, a 
semimatroid. The first diagram of Figure depicts the poset on C ordered by 
inclusion; below and to the right of each node we have written the set in C 
corresponding to it, and above and to its left we have written its rank. 

To the semimatroid C, we have assigned a pair {M,T) G Matld(S'), a pair 
{M,N) G MatPreim(5') and a pair (M, iV) G MatCoext(S'). To obtain the 
matroid M, we add the subsets of [3] not in C to the diagram above, to get the 
Boolean algebra 2['^1. We have placed big nodes on the sets of this poset which 
are in the diagram of C, and small nodes on the new sets. To obtain the rank 



r^(AUp) 



rN{A) 
rM{A) + 1 
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Figure 1: The semimatroid C and its corresponding matroids. 

function of M, we copy the rank function of C on the big nodes. On each small 
node, we put the largest number that we can find on a big node below it. The 
big nodes form the modular ideal I of M. 

To obtain the matroid N, we simply leave the rank function of M fixed on 
the big nodes, and increase it by l_on the little nodes. 

Finally, to obtain the matroid N, we glue two Boolean algebras 2^1, to obtain 
a Boolean algebra 2^ on 4 elements. (We have omitted most of the "diagonal" 
edges of this posct for clarity.) On the lower copy of the Boolean algebra, we 
put the rank function of N. On the upper copy, we put the rank function of M, 
increased by 1. 
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5 Pointed matroids. 



We now establish a correspondence between semimatroids and pointed matroids. 

Definition 5.1 A pointed matroid is a pair (M,p) of a matroid M and a 
distinguished element p of its ground set. 

Pointed matroids are a combinatorial tool often used in the study of afBne 
hyperplane arrangements. The connection between them is the following. Con- 
sider an afRne arrangement A = {Hi,. . . ,Hk} in M", where Hi is defined by 
the equation Vi ■ x = Ci. 

Definition 5.2 The cone over A is the arrangement cA — {H[, . . . , Hj,, H} in 
M"^^ , where H[ is defined ^ by the equation Vi ■ x = CiXn+i for 1 < i < k, and 
H is the additional hyperplane x„+i = 0. 

Being a central arrangement, cA has a matroid McA on the ground set 
cA associated to it. To the arrangement A, we associate the pointed matroid 



Theorem 5.3 Let S be a set and let p ^ S. Let Pointedmat(S', p) be the set 
of pointed matroids {M,p) on S U p such that p is not a loop of M. There 
are one-to-one correspondences between Semimat(S'), Matld(S'), MatPreim(iS'), 
MatCoext(iS', p) and Pointedmat(S', p). 

Proof. It suffices to show a correspondence between MatCoext(5, p) and Pointedmat(S', p). 
The elements of MatCoext(S', p) are the pairs {N/p,N) for all matroids N on 
S U p such that r{N) > r{N/p); i.e., such that p is not a loop. The map 
{N/p,N) I— !■ {N,p) establishes the desired bijection. □ 

At this point, given a set S and an element p ^ S, we have bijections between 
Semimat(S'), Matld(S'), MatPrcim(S'), MatCoext(S',p) and Pointedmat(S',p), 
provided by Theorems 13. 61 mH 14.91 and 15. 31 The bijection Pointedmat(S', p) 
Semimat(S') is an important one. We have obtained it as the composition of 
four bijections, and now we wish to describe it explicitly. 

Theorem 5.4 Let S be a set and let p ^ S. 

1. For {N,p) e Pointedmat(S',p), letC = {AC S\p i cl^(A)} and let rc be 
the restriction of r^ to C. Then {S,C,rc) is a semimatroid. 

2. For {S,C,rc) G Semimat(S'), define : 2^^^ by 




for A C S . Then rj;^ is a rank function on S^Jp, and {N ,p) G Pointedmat(S', p). 



^with a slight abuse of notation 
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3. The two maps Pointedmat(S',p) Semimat(5) anrf Semimat (5*) — > Pointedmat(S', p) 
defined above are inverses. They establish a one-to-one correspondence be- 
tween Pointedmat(S',p) and Semimat(5). 

Proof. We will show that, if we start with {N,p) e Pointedmat(S',p) and trace 
the bijections of Theorems 15.31 14.81 14.51 and 13.61 we obtain the semimatroid 
C(iV,p). 

Under the bijection of Theorem 15.31 {N,p) G Pointedmat(S', p) corresponds 
to (iV/p,iV) G MatCoext(5',p). 

Under the bijection of Theorem l4.8l N G Coext(A^/p) corresponds to N—p G 
Preim(A^/p). 

N — p £ Preim{N/p), under the bijection of Theorem 14.51 corresponds to 
the modular ideal C ^ {A C S \ r^^^{A) = r^_p(A)} G Ideal(iV/p). Since p is 
not a loop of N, rj^^^{A) = rj^{A U p) — 1 and rj^_^{A) = rj^{A). Therefore 
C = {AcS\pic\/A)}. 

Finally, under the bijection of Theorem 13.61 {N/p,C) G Matld(S') corre- 
sponds to {S,C,rc) G Semimat(S'). 

Similarly, if we start with a semimatroid {S,C,rc) and keep track of its 
successive images under the bijections of Theorems 13.61 ITTSl 14 . 81 and 15 . 31 we get 
the pointed matroid {N,p) described. 

This theorem then becomes a consequence of the previous ones. □ 

It is not difficult to see that, under the coning construction, the central 
subsets of a hyperplane arrangement A correspond to the subsets of cA whose 
closure in McA does not contain the additional hyperplane H. Theorem 15.41 
shows that, for semimatroids, the natural analog of the cone of a semimatroid 
C is the matroid N of the pointed matroid {N,p) corresponding to it. 

The triple of matroids {N,N — p,N/p) = {N,N,M) is sometimes called 
the triple of the pointed matroid {N,p). We will also call it the triple of the 
semimatroid C. 

6 Geometric semilattices. 

We now discuss geometric semilattices and their relationship to semimatroids. 
We start by recalling some poset terminology. For more background informa- 
tion, see for example |20| Chapter 3]. 

A meet semilattice is a poset K such that any subset S C K has a greatest 
lower bound or meet AS: an element such that AS* < s for all s G S, and AS' > t 
for any t G K such that t < s for all s G S. Such posets have a minimum 
element 0. 

Notice that if a set S of elements of a meet semilattice has an upper bound, 
then it has a least upper bound, or join WS. It is the meet of the upper bounds 
of S*. 
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A lattice is a poset L such that any subset SQL has a greatest lower bound 
and a least upper bound. Clearly, if a meet semilattice has a maximum element, 
then it is a lattice. 

A meet semilattice K is ranked with rank function r : K ^ N if, for all 
X G K, every maximal chain from to x has the same length r(x). An atom is 
an element of rank 1. A set of atoms A is independent if it has an upper bound 
and r(V^) = \A\. 

Definition 6.1 A geometric semilattice is a ranked meet semilattice satisfying 

the following two conditions. 

(Gl) Every element is a join of atoms. 

(G2) The collection of independent set of atoms is the collection of independent 
sets of a matroid. 

A geometric lattice is a ranked lattice satisfying (Gl) and (G2). 

Geometric lattices arise very naturally in matroid theory from the following 
result. Recall that a matroid M = {S, r) is simple if r{x) = 1 for all a; G 5 and 

r{{x, y}) = 2 for all x,y ^ S,x ^ y. 

Theorem 6.2 A poset is a geometric lattice if and only if it is iso- 

morphic to the poset of flats of a matroid. Furthermore, each geometric lattice 
is the poset of flats of a unique simple matroid, up to isomorphism. 

From this point of view, semimatroids are the "right" generalization of ma- 
troids, as the following theorem shows. 

Definition 6.3 A semimatroid C = {S,C,rc) is simple if {x} G C and rc{x) = 
1 for all a; e 5, and rc{{x, y}) = 2 for all {x, ?/} £ C with x y. 

Theorem 6.4 A poset is a geometric semilattice if and only if it is isomorphic 
to the poset of fiats of a semimatroid. Furthermore, each geometric semilattice 
is the poset of fiats of a unique simple semimatroid, up to isomorphism. 

To prove Theorem 16.41 we use the following two propositions. 

Proposition 6.5 \24Ji A poset K is a geometric semilattice if and only if there 
is a geometric lattice L with an atom p such that K ~ L~[p,l]. ^ Furthermore, 
L and p are uniquely determined by K. 

Proposition 6.6 Let C ~ {S,C,rc) be a semimatroid, and let {N,p) be the 
pointed matroid on SUp corresponding to it underj,he bijection of Theorem \5.4\ 
LetK{C) andL{N) be the posets of flats ofC and N . ThenK(C) = L{N)-[p, ij. 

Proof. Since both posets are ordered by containment, we only need to show the 
equality of the sets K{C) and L{N) — [p, 1]. 

First we show that K{C) C L{N) - [p,l]. Let X e K{C). Then for aU 
x ^ X such that X U a: G C, rc{X \Jx) ^ rc{X) + 1, and therefore r^(X U x) = 

^Here [p, 1] denotes the interval of elements greater than or equal to p in the poset L. 
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r^{X) + 1. To check that X is a. flat in N, we need to show that this equahty 
still holds ii X U X ^ C. This is not difhcult: if that is the case and x p, then 
r^iXUx) = max{rc(F)|F CXUx,YeC} + l> rc{X) + 1 = r^{X) + 1. 
Clearly then equality must hold. The case x = p is easier, but needs to be 
checked separately. _ _ 
Hence K{C) C L{N), and since no element of C contains p, K{C) C L{N) — 

The inverse inclusion is easier. If X is a flat in N not containing p, then 
r^{X Ux) = r^{X) + 1 for all x ^ X. When X\Jx <eC, this equality says that 
rc{X U x) = rc{X) + 1. Therefore X is a flat in C also. □ 

Proof of Theorem \6.4\ It is not difficult to check that the bijection of Theorem 
15.41 restricts to a bijection between simple pointed matroids (pointed matroids 
{N,p) G Pointedmat(S', p) such that N is simple) and simple semimatroids. The 
result then follows combining this fact with Theorem 16 . 21 and Propositions Ifi . ItI 
and EH □ 

7 Duality, deletion and contraction. 

Like matroids, semimatroids have natural notions of duality, deletion and con- 
traction, which we now define. 

Definition 7.1 Let C — {S,C,rc) be a semimatroid. Extend the function rc to 
a matroid rank function r : 2"^ — > N as m Provosition \S. 1[ Define the simplicial 
complex C* ~ {X C S \ S — X ^ C}, and the rank function r* : C* ^ N by 
r*iX) ^\X\-r + r{S ~ X). The dual of C is the triple C* = (S',C*,r*). 

Proposition 7.2 C* is a semimatroid. 

Proof. It is possible to simply check that C* satisfies the axioms of a semima- 
troid. It is shorter to proceed as follows. 

Consider the pair (M, N) € MatPreim(S') associated to C under Corol- 
lary gSl It is known ^ Proposition 8.1.6(f)] that if N is an elementary 
preimage of M, then M* is an elementary preimage of N* . From the pair 
(TV*, M*) G MatPreim(S'), we then get a semimatroid using Corollarv l4. 61 again. 
It is straightforward to check that this semimatroid is precisely C* . □ 

Proposition 7.3 For any semimatroid C, we have that (C*)* — C. 
Proof. This is easy to check directly from the definition. □ 

Definition 7.4 Let C = {S,C,rc) be a semimatroid and let e d S be such that 
{e} G C. Let C/e ^ {A C S - e\AU e e C} and, for A e C/e, let rc/eiA) = 
rc{AUe)—rc{e). T/ie contraction of e from C is the triple C / e = {S—e,C/e,rc/e)- 

Proposition 7.5 C/e is a semimatroid. 
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Proof. Checking the axioms of a semimatroid is straightforward. □ 

Definition 7.6 Let C = {S,C,rc) be a semimatroid and let e ^ S he such that 
{e} e C. Let C - e ^ {A e C\e i A] and, for A e C ~ e, let rc^dA) = rc{A). 
The deletion of e from C is the triple C — e = (S* — e, C — e, rc-e)- 

Proposition 7.7 C — e is a semimatroid. 

Proof. Checking the axioms of a semimatroid is straightforward. □ 

Again, as with matroids, there are two special kinds of elements that we 
need to pay special attention to when we perform deletion and contraction. 

Definition 7.8 A loop of a semimatroid C = {S,C,rc) is an element e € S 
such that {e} £ C and rc(e) = 0. 

Definition 7.9 An isthmus of a semimatroid C = {S,C,rc) is an element e £ S 
such that, for all A e C, AU e e C and rc{A U e) = rc{A) + 1. 

Lemma 7.10 If e £ S is a loop of the semimatroid C = {S,C,rc), then r^/e = 
re- Otherwise, ?'c/e = ^ 1- 

Proof. Clearly r^^/e < ''c- If e is a loop, consider any A G C. (CRl') applies to 
{e} and A, so AU e G C and rc{AUe) = rc{A). Therefore the maximum rank rc 
in C is achieved for some A £ C/e. But then we have rc/e{A) = rc(AUe)— = rc, 
so rc/e = rc- 

If e is not a loop, then for all A E C/e we have rc/e{A) — rc{A U e) — 1, so 
fc/e l£ Tc ~ ^- Equality holds: if we start with {e} e C and repeatedly apply 
(CR2') with an element of C of rank rc, we can obtain a set A U e of rank rc- 
Then rc/eiA) = rc - 1. □ 

Lemma 7.11 If e £ S is an isthmus of the semimatroid C = {S,C,rc), then 
rc-e ^ fc — 1. Otherwise, rc-e — tq- 

Proof. Clearly rc-e ^ fc- If e is an isthmus then it is clear from the definition 
that rc-e = rc - 1. 

If e is not an isthmus, there are two cases. If there is an A £ C such that 
AUe ^ C, take a maximal one. It is also a maximal set in C, so it has maximum 
rank rc; and A G C — e, so rc-e = fc- The other possibility is that for all 
A £ C, we have AU e £ C and r{A U e) = r{A). In this case it is also clear that 
rc~e = rc- □ 

Lemma 7.12 If e £ S is a loop or an isthmus of the semimatroid C = {S, C,rc), 
then C — e = C/e. 

Proof. This is clear from Lemmas 17 . lUI and 17. Ill and their proofs. □ 
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central subset of A 


contribution to Tj[{x, y) 





[x - Ifiv - If 


1,2,3,4,5 


(x-lfiy-lf 


12,13,14,23,24,25,34, 35,45 


ix-l)\y-ir 


123,124,134,235,245,345 


{x-l)°{y-lf 


234 


{x ~iy{y -ly 


1234, 2345 


(x-lfiy-l)^ 



Table 1: Computing the Tutte polynomial Tyi{x,y). 



8 The Tutte polynomial. 

With the background results that we have established, we are now able to define 
and study the Tutte polynomial of a semimatroid. 

Definition 8.1 The Tutte polynomial of a semimatroid C = {S,C,rc) is de- 
fined by 

Tc{x,y)^ ^(x-ir-'^'^m(y- 1)1^1-'-'^ W. (8.1) 

If ,4 be a hyperplane arrangement and Ca is the semimatroid determined by 
it, then the Tutte polynomial of the semimatroid Ca is precisely the Tutte poly- 
nomial of the arrangement as defined and studied in j^j. That paper focuses 
on enumerative aspects arising from the computation of these polynomials; here 
we will concentrate our attention on matroid-thcorctical considerations. 

Example. Figure 12 shows a hyperplane arrangement ^ in R'^, consisting of the 
five planes x + y-\-z = Q^x — y^y — z^z — x and x + y + z — 1 in that order. 

Table ^ shows all the central subsets of A, and their contributions to the 
Tutte polynomial of A. We find that 

TA{x,y) = (a:-l)3 + 5(.T-l)2 + 9(a:-l) + 6 + (x-l)(y-l) + 2(y-l) 
= a;^ + 2x'^ + xy + X + y. 




Figure 2: The arrangement A. 
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As in the matroid setting, the Tutte polynomial of a semimatroid satisfies the 
following simple recursive formula, known as the deletion- contraction relation. 



Proposition 8.2 Let C = {S,C,rc) be a semimatroid, and let e ^ S be such 
that {e} G C. 

(i) Tc{x,y) — Tc-e{x,y) + Tc/e{x,y) if e is neither an isthmus nor a loop and 
{e}eC. 

(a) Tc{x,y) = xTc-e{x,y) if e is an isthmus. 
(Hi) Tc{x,y) = yTc/e{x,y) if e is a loop. 

(iv) If e e S and {e} ^ C then T(sfi,rc){x,y) = T(s-e,c,rc)(a;, y)- 
Proof. We have 

Tc{x,y) = ^(^-l)'-c-cW(y_i)l^l-rc(x)^ 

X ec 

^ (a; _ lyc-rciXyje) _ -|^yXUe|-rc(XUe)^ 
XVJeeC 

Notice that, if rc ~ rc^e, the first sum in the right hand side is exactly 
the Tutte polynomial of C — e. If, on the other hand, rc — rc-e + 1, the only 
difference is that we get an extra factor of (x — 1). More precisely, in view of 
Lemma 17.111 the first sum of the right hand side is Tc-e{x,y) if e is not an 
isthmus, and {x — l)rc„e(a;, y) if it is an isthmus. 

Similarly, from Lemma l7.1UI the second sum is TQ/^(x,y) if e is not a loop, 
and {y — XyT^jJ^x, y) if it is a loop. 

These two observations, together with Lemma [7.121 complete the proof of 
(i)-(iii). Also, (iv) is clear from the definition. □ 

Definition 8.3 Two matroids (S'i,Ci,rcj) and {82,02, rc2) isomorphic if 

there is a bijection f '. Si S2 which induces an isomorphism of simplicial 
complexes / : Ci — s- C2 such that rc-^ (c) — rc^ (/(c)) for all c G Ci. 

A function / on the class S of semimatroids is called a semimatroid invariant 
if /(Ci) = /(C2) for all Ci = C2. An invariant is called a Tutte- Grothendieck 
invariant (or T-G invariant) if it satisfies the conditions of Proposition lS^ The 
following theorem shows that the Tutte polynomial is not only a T-G invariant; 
in fact it is the universal T-G invariant on the class of semimatroids. Any 
other generalized T-G invariant, that is, an invariant satisfying the conditions 
of Theorem 18. 51 is an evaluation of the Tutte polynomial. An equivalent result 
is essentially known for matroids [H], [?]. 

Definition 8.4 For a semimatroid C — {S,C,r), let #C be the number of ele- 
ments X G S such that {x} gC. A semimatroid is non-trivial if fl=C ^ 0. 
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Theorem 8.5 Let S be the class of non-trivial semimatroids. Let h he a field 
and a,b £ k; and let R be a commutative ring containing k. Let f : S R be a 
generalized T-G invariant; i.e., 

(i) z/Ci -C2 then f{Ci)^ f{C2). 

(a) If e S is neither an isthmus nor a loop in C = (5, C,rc) and {e} € C, 
then fiC) = af{C - e) + bf{C/e). 

(Hi) If e is an isthmus in C, then f{C) = f{I)f{C — e). 

(iv) If e is a loop in C, then f{C) = f{L)f{C/e). 

(v) If e G S and {e} ^ C then f{S,C,rc) = f{S — e,C,rc). 

Then the function f is given by f{C) = a*'^^'^'^ ¥^ Tc(/(/)/&, f{L)/a) for C = 
{S,C,rc). 

Here I = ({*}, {0, {*}}, f) denotes the semimatroid consisting of a single 
isthmus i, and L{{1}, {0, {/}}, r) denotes the semimatroid consisting of a single 
loop I. 

Proof. We can proceed by induction. The only non-trivial semimatroids which 
cannot be decomposed using (ii) , (Hi) , (iv) and (v) are / and L, in which 
case the formula for /(C) holds trivially. It simply remains to show that 
a#C-rc }f'^Tc{f{I)/b, f{L)/a) satisfies the relations {ii), [Hi), [iv) and {v). This 
is straightforward from Proposition □ 

We conclude this section with some remarks about the relationship between 
the Tutte polynomial of a semimatroid C, the Tutte polynomials of its associated 
triple (TV, N, M), and the Tutte polynomial of the dual semimatroid C* . 

In the study of the characteristic polynomial xil) of affine hyperplane 
arrangement, the coning construction of Definition 15.21 is fundamental, due to 
the following result. 

Proposition 8.6 f |17l Proposition 2.51]) For any arrangement A, 

XcA{q) = {q- i)xA{q)- 

This proposition tells us that, to study characteristic polynomials of ar- 
rangements, we can essentially focus our attention on central arrangements. 
Proposition l8.6l generalizes immediately to semimatroids. 

As we saw in Theorem 15.41 the analog of the cone of an arrangement A 
is the matroid N of the semimatroid C. If, in analogy with the definition for 
arrangements, we define the characteristic polynomial of the semimatroid C to 
be xc{q) — (~l)'^2c(l ^ q, 0), we have the following proposition. 

Proposition 8.7 For any semimatroid C, 

XNiq) = (q- i)xc(g)- 
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We might wonder if this result generahzes to the Tutte polynomial. It turns 
out that this situation is not so simple. Let 

Uc{x,y)^ ^(a;-l)'^*^-'^"(-^)(y-l)l-^l-'-'>-^(^). (8.2) 

Then, by looking at the defining sums of Tm^Tj^i and T^, it is easy to see 
that Tm=Tc + Uc,Tn = [x- 1)Tc + Uc/{y - 1), and = xTc + y/{y- l)Uc. 
(The third of these equations proves Proposition 18.71 ) This means that we 
can express the Tutte polynomial of C in terms of the Tutte polynomials of 
these three matroids Af , N and TV, by solving for Tc in any two of these three 
equations. However, Tc does not only depend on T^. This simple dependence 
takes place for the characteristic polynomial only because the second term in 
the expression of vanishes when we substitute x — 1 — q and y — Q. 

We conclude that the Tutte polynomial of a_semimatroid is closely related to 
the Tutte polynomials of its associated triple (iV, TV, M). However, the relation- 
ship is not simple enough that we can derive our results on Tutte polynomials 
of semimatroids as simple consequences of the analogous results for matroids. 

Now let us discuss duality and the Tutte polynomial. For matroids M, we 
know that TM'{x,y) = TM{y,x). This is not the case for a semimatroid C. In 
fact, it is not difficult to see that Tc'{x,y) = Uc{y,x)/{x — 1). 

It is possible to define a three-variable Tutte-like polynomial of a semima- 
troid which is more compatible with duality. In a slightly different language, 
this was done by Las Vergnas ^] , who defined the concept of the Tutte poly- 
nomial of a quotient map. In fact, if the semimatroid C corresponds to the 
quotient map N ^ M under Corollary 14.61 then our definition of the Tutte 
polynomial of C coincides with the coefficient of z in Las Vergnas's definition of 
the Tutte polynomial of the quotient map N — > M . In particular, the upcom- 
ing Theorem 19 ■ 51 can be derived from his analogous theorem for quotient maps. 
His argument uses the deletion-contraction relation; our approach will give us 
additional information about the structure of a semimatroid. 

9 Basis activity. 

We now show that the Tutte polynomial of a semimatroid has nonnegative 
coefficients, by giving a combinatorial interpretation of them. Crapo showed 
that the coefficients of the Tutte polynomial of a matroid count the bases with 
a given internal and external activity JT]. Our interpretation in the case of 
semimatroids is analogous. There are some subtleties involved in extending this 
result to semimatroids, so we will need to give slightly different definitions of 
internal and external activity. Our proof will be slightly different from his as 
well. 

In this section we will work with a fixed semimatroid C ~ {S, C, r). We will 
denote elements of S by lower case letters, and subsets of S by upper case letters. 
As mentioned after Definition 12.11 we will sometimes call the sets in C central 
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sets. Proposition 13 . II shows that the rank function r extends to a matroid rank 
function on 2"^, which we will also call r. No confusion arises from this notation 
because the semimatroid and matroid rank functions have the same value where 
they are both defined. 

A basis of C = {S,C,r) is a set B e C such that \B\ = r{B) ^ r. A set 
X G C is dependent if r{X) < \X\ and independent otherwise. A circuit C of C 
is a minimal dependent set in C. Clearly such a set satisfies r(C) = \C\ — 1. A 
cocircuit D is a minimal subset of S whose deletion from C makes the rank of 
C decrease; i.e., one such that r{S — D) < r, where r — r{S) is the rank of C. 
Clearly a cocircuit satisfies r{S — D) = r — 1. 

Lemma 9.1 Let B be a basis of C, and let e ^ B be such that _B U e G C. Then 
B U e contains a unique circuit. 

Proof. Since B U e G C is dependent, it contains a circuit. Now assume that it 
contains two different circuits Ci and C2. By (R3) we know that 

r(Ci nC2) + r(Ci UC2) < r{C\) + r{C2) 

= IC1I-I + IC2I-I 

= |CinC2|-i + |CiUC2|-i. 

But r{B U e) = |B U e| - 1 so, by (R2'), r{X) > |A:| - 1 for all X C S U e. 
Therefore r(Ci n C2) = |Ci n C2I - 1 and r(Ci U C2) = |Ci U C2I - 1. Thus 
Ci n C2 is a dependent set in C, and it is a proper subset of the circuit Ci. This 
is a contradiction. □ 

Lemma 9.2 Let B be a basis of C, and let i B. Then S — B Ui contains a 
unique cocircuit. 

Proof. The deletion oi S — B U i from C makes the rank of C decrease, so this 
set contains a cocircuit. Assume that it contains two different cocircuits Bi and 
B2. Then 

r(5-(BinB2)) = r{{S - Bi) U {S - B2)) 



But S-{BiUB2)^B-i and r{B -i)=r-l, so r{S - {Bi U B2)) > r - 1. 
It follows that r{S — {Bi n B2)) < r — 1. Hence the removal of Bi n B2 makes 
the rank of the semimatroid decrease, and Bi n -62 is a proper subset of the 
cocircuit Bi . This is a contradiction. □ 

From now on, we will fix a linear order on S. Now each /c-subset of S 
corresponds to a strictly increasing sequence of k numbers between 1 and IS*]. 
For each < fc < jS*!, order the /c-subsets of S using the lexicographic order on 
these sequences. 



< 



r{S-Bi) + r{S 
(r-l) + (r-l) 



B2) - r{{S - Bi) n {S - B2)) 
r{S-{B^\JB2)). 
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Definition 9.3 Let B be a basis of C. An element e B is an externally 
active element for B if B U e G C and e is the smallest element^ of the unique 
circuit in B U e. Let E{B) be the set of externally active elements for B, and 
let e{B) = \E{B)\. We call e{B) the external activity of B. 

Definition 9.4 Let B be a basis of C. An element i £ B is an internally active 
element in B if i is the smallest element of the unique cocircuit in S — B U i. 
Let I{B) he the set of internally active elements for B, and let i{B) = \I{B)\. 
We call i{B) the internal activity of B. 

Now we are in a position to state the main theorem of this section. 

Theorem 9.5 For any semimatroid C, 

Tciq,t)^ Y: q'^^h<^^. 

B basis of C 

Theorem 19 . 51 shows that the coefficients of the Tutte polynomial are nonneg- 
ative integers. The coefficient of q'^t'^ is equal to the number of bases of C with 
internal activity i and external activity e. 

We still have some work to do before we can prove Theorem 19.51 The next 
step will be to give a very useful characterization of internally and externally 
active elements. From now on, when proving results about internally and ex- 
ternally active elements, we will always use Lemmas 19 . 61 and 19 . 71 instead of the 
original definitions. 

Given X C S and an element e, let X>e — {x X \ x > e}. Define X<e 
analogously. 

Lemma 9.6 Let B be a basis of C and let e B be such that B (J e Cz C. Then 
e is externally active for B if and only if r{Bye U e) = r{Bye)- 

Proof. First assume that r{B^e U e) = r{Bye)- Then _B>e U e G C is dependent, 
so it contains a circuit C; e is clearly the smallest element in this circuit. But C 
must also be the unique circuit contained in B U e. Therefore e is an externally 
active element for B. 

Now assume that e is externally active for B. The unique circuit in _B U e 
obviously contains e; call it C U e. Then C C B^e- By submodularity, we have 
r(B>e) + r{C U e) > r(B>e U e) + r{C). But r(C U e) = r(C), so r{By,,) > 
r{Bye U e) and the desired result follows. □ 

Lemma 9.7 Let B be a basis and i E B. Then i is internally active in B if 
and only if r{B — i U S'<i) < r.^ 

•^according to the fixed Unear order 

*In fact, this is true if and only if r{B — i U 5<i) = r — 1. 
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B 


liB) 


E{B) 


possible B - lUE 


123 


123 




0,1,2,3,12,13,23,123 


124 


12 




4,14,24,124 


134 


1 


2 


34,134,234,1234 


235 


23 




5,25,35,235 


245 


2 




45,245 


345 




2 


345, 2345 



Table 2: The bijection between T and C. 



Proof. First assume that r{B — i US'<i) < r. Then the removal of {S — BjyiUi 
makes the rank of the semimatroid drop, so (5 — -B)>i U i contains a cocircuit. 
This cocircuit must contain i; call it DUi, where D C (S ~ B)yi. The smallest 
element of this cocircuit is i, and this cocircuit must also be the unique cocircuit 
contained in S — B U i. Therefore i is an internally active element of B. 

Now assume that i is internally active in B. Let S ^ D U i he the unique 
cocircuit in S — B U i, where D D B. Since i is the smallest element in this 
cocircuit, D 3 S^i. Therefore B U S^i C D and, since S — D Ui is a cocircuit, 
r{B~i U S<i) < r{D -i) <r. □ 

Now we wish to present a different description of sets in C To do it, we 
need two definitions. For each X C S, let dX be the lexicographically largest 
basis of X. For each independent set X, which is necessarily in C, let uX be the 
lexicographically smallest basis of C which contains X.^ Notice that, for any 
X C S, udX is a basis of C. 

Definition 9.8 Let T he the set of triples {B,I,E) such that B is a basis ofC, 
I C I{B) is a set of internally active elements for B, and E C E{B) is a set of 
internally active elements of B. 

We will establish a bijection between T and C. Define two maps (f>i and 02 
as follows. Given (B, /, E) G T, let (t)i{B, I,E) = B - I U E. Given X eC, let 
4>2{X) = {udX,udX — dX,X — dX). We will show that the maps and 02 
give the desired bijection: every set X £ C can be written uniquely in the form 
X = B - I U E where B is a basis of C, / C I{B) and E C E{B). 

Example. Recall the arrangement A introduced at the beginning of Section |H1 
Table[21illustrates the bijection between T and C in that case. Theorem 19.51 and 
Table[21imply that Tj\{q, t) — q'^ + Iq^ + + g + confirming our computation 
at the beginning of Section |S| 

Lemma 9.9 The map (jji maps T to C. 

^Wc will extend the definition of uX to all X C 5" after the proof of Lemma 19.141 For 
simplicity, we postpone the full definition until then. 
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Proof. Let {B, I, E) e T. For all e G -E, S U e is central and r{B U e) = r{B), 
so e G c\{B). Therefore E C c\{B) and B\JE C cl{B). Since cl(B) G C, this 
implies that BUE eC, and B ~ I U E e C as well. □ 

Lemma 9.10 The map (j)2 maps C to T. 

Proof. Let X G C. Let Z? = and [/ = udX, so that 02 (X) = {U,U - D,X ~ 
D). We need to show three things. 

First, we need J7 to be a basis for X. This is immediate. 

Next, we need the elements of ?7 — £> to be internally active in U . Let 
X G U ~ D. Since U is the smallest basis for C containing D, for any element 
x' < X not in U we have r{U — xU x') — r ~ 1 ~ r{U — x) . By submodularity, 
we can conclude that r{U ~ xU 5<a;) — r ~ I, which is exactly what we wanted. 

Finally, we need to show that the elements of X — D are externally active 
in U. Let x € X — D. First notice that x ^ U, because D U x is dependent: 
r{D U a;) < r{X) ~ r{D). Also notice that t7 U x is central, applying (CRl) to 
D Li X and U. Now observe the following. We know that D is the largest basis 
for X. Therefore r{D — x'Ux) = r{D) — 1 for all x' G D^^- By submodularity, it 
follows that r — a; Ux) — r{D)~\D^x\- We can rewrite this as r(Z?>a;Ua;) = 
r{Dyx) since D is independent. Since Dy^ ^ C^>£c, submodularity implies that 
fiUyx U x) = r{Uyx)- This shows that x is an externally active element in U. 
□ 

Proposition 9.11 The map 0i is a bijection from T to C, and the map (j)2 is 
its inverse. 

Proposition ig.lll is the main ingredient of our proof of Theorem 19. 51 Before 
proving it, we need some lemmas. 

Lemma 9.12 For all {B, I, E) G T, we have r{B - I U E) = r - 

Proof. We start by showing that r{B — i U e) r — 1 for alH G I{B),e G E{B). 
If e < i, do the following. Since i is internally active, r{B — i U S'<i) = r — 1 = 
r{B— i), and therefore r{B— i Ue) — r—1. Otherwise, if i < e, then Bye ^ B—i. 
Since e is externally active, r(Bye U e) = r{Bye). Submodularity then implies 
that r{B - i U e) = r{B - i) = r - 1. 

Now that we know this, submodularity implies that r(B — iUE) = r — 1 for all 
i G I{B),E C E{B). Applying submodularity again, we get r(i?— JUi?) ~ r—\I\ 
for all / C I{B),E C E{B). □ 

Lemma 9.13 For all (B, /, E) G T, we have d{B - I U E) = B - L 

Proof. Lemma [9 . 1 21 tells us that i? — / is a basis for B — IDE; we need to show 
that it is the largest one. Consider an arbitrary (r— |/|)— subset X of B~ lUE 
with X > B — I. We will show that X is not a basis for B — I U E. 
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Let X = (S - /) - (6i U • • • U bk) U (ei U • • • U e^), where the bi's are in 
B — I and the e^'s are in E. Since X > B — I we can assume, without loss of 
generahty, that &i < ei, . . . , e^. 

From Lemma f9. 121 we know that r{B — / U e^) — r — \I\ for all 1 < i < fc. 
Also, as we saw in the proof of Lemma 19.121 having hi ^ B, Ci ^ E{B) and 
hi < Ci implies that r{B — &i U e.;) — r — 1. Combining these two inequalities and 
using submodularity, we get that r{B — I — hiiJei) = r — |/| — 1 for all 1 < i < k. 
Invoking submodularity once again, we get that r{{B — I) — 6i U(ei U- • -Uefe)) = 
r - |/| - 1. Therefore r{X) = r{{B - /) - (fei U • • • U fefc) U (d U • • • U e^)) < 
r - |/| - 1 < r{B - I\JE).li follows that X is not a basis for B - lUE. □ 

Lemma 9.14 For all {B, I, E) e T, we have ud{B - IDE) = B. 

Proof. In view of Lemma [9. 131 we need to show that u{B — I) — B. Clearly B 
is a basis of C containing B — I; now we show that it is the smallest one. 

Let X — B — {bi \J ■ ■ ■ U bk) U (ci U ■ ■ ■ U Ck) be an r-tuple smaller than B, 
where the bi's are in / (since X must contain B — I) and the q's are in S. We 
will show that X is not a basis for C. Once again we can assume, without loss 
of generality, that ci < 6i, . . . , 6^. 

Since each bi is internally active, r{B — biU S'<bJ — r — 1, and hence r{B — 
bi Uci) = r — 1. Submodularity gives r{B — (6i U • • • U bk) Uci) = r — k, which in 
turn gives r{X) = r{B - (fei U • • • U &fc) U (ci U • • • U Ck)) < (r - fc) + (fc - 1) < r. 
□ 

So far we have only defined uX for independent sets X oiC. We can extend 
the definition to arbitrary subsets X C 5' as follows. If X is dependent, then 
there is no basis of C containing it. Instead, we consider all the minimal sets of 
rank r which contain X. Let uX be the lexicographically smallest of those sets. 
Then we can say even more. 

Lemma 9.15 For all {B,I,E) e T, we have u{B - I U E) = B U E and 
du(B-I\JE) = B. 

We will not need Lemma f9. 151 to prove Proposition 19 . 1 II and Theorem 19.51 
We state it for completeness, but we omit its proof, which is very similar to the 
proofs of Lemmas 19.131 and 19.141 

Proof of Proposition \9.11\ Checking that 01 o 02 is the identity map in C is 
immediate, and Lemmas 19.131 and 19.141 imply that 4>2 o 4>i is the identity map 

in r. □ 

Proof of Theorem \y.5\ Using the bijection of Proposition 19.111 the sets in C 
are precisely the sets of the form B — I U E, where _B is a basis, / C I{B) and 
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E C E{B). Also, from Lemma 1^1^ r{B - I E) = r - Therefore we have 



xec 



B basis ICI{B) E<ZE(B) 

= E E E i^-ir\t-ir\ 

B basis ICI{B) E<ZE(B) 



B basis 



B basis 



as desired. □ 
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Figm'e 3: The decomposition of C into intervals. 



Regard the simplicial complex C as a poset, ordering its faces by inclusion. 
There is a nice way to understand Theorem 19. 51 in terms of this poset. Proposi- 
tion I^^O gives us a way of classifying the faces of C according to the basis of C 
that they correspond to under the map ud (or du). This classification decom- 
poses the poset into disjoint intervals, where each interval is a Boolean algebra 
of the form [B - I{B), BU E{B)] for a basis B. This is illustrated in FigureElfor 
the arrangement A considered at the beginning of Section |S| recall Table [21 If 
we look at the interval corresponding to basis B, and add the contributions of its 
elements to the right-hand side of (|8.1|) . we simply get the monomial . 
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